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In the framework of numerical analysis of joined bodies, the present paper is devoted to the constitutive
modeling, via an interface kinematic formulation, of mechanical behaviour of internal adhesive layers.
The proposed interface constitutive model couples a cohesive behaviour, based on the damage mechanics
theory, with a frictional one, deﬁned in a non-associative plasticity framework. Namely, the interface for-
mulation follows the transition of the adhesive material from the sound elastic condition to the fully
cracked one. This formulation is able to model, by means of a speciﬁc interpretation of the damage var-
iable and in a relevant mathematical setting, the interface intermediate mechanical properties, during the
microcracks spreading process up to the discontinuity surface formation (macrocrack). The constitutive
modeling is performed in fully compliance with the thermodynamic principles, in order to ensure the
thermodynamic consistency requirement. In the present work, various monotonic and cyclic loading con-
ditions are examined in order to show the main features of the constitutive formulation as well as several
signiﬁcant differences with respect to other existing models. Computational efﬁciency of the interface
constitutive model is tested in a numerical application by FEM resolution strategy approach.
 2009 Elsevier Ltd. All rights reserved.1. Introduction structure matrix, aggregates of mortar beds, etc.) and cause point-In the framework of structural analysis a very important and
interesting typology of structures is represented by joined solids,
which are typically formed by a set of multiple bodies, joined to-
gether by means of internal adhesive layers. In this sense, compos-
ite laminates, composite structures with inclusions, masonry
structures with mortar beds, may be considered as typical joined
bodies. The structural response of joined solids, under external
loading conditions, is strongly affected by the mechanical behav-
iour of the internal adhesive layers, where several microstructural
failure mechanisms lead to progressive degradation of their
mechanical properties, up to complete exhaustion of carrying
capacity. Then, an effective constitutive modeling of the adhesive
layer behaviour is of primary relevance in the numerical analysis
of joined solids structural response. Adhesive layers, due to the fact
that their thickness is negligible with respect to sizes of connected
bodies, are generally modeled as zero thickness surfaces by means
of interface mechanical device, whose internal constitutive law is
deﬁned as a relation between traction components and the rele-
vant jump-displacement ones, evaluated at the interface edges.
The microstructural failure mechanisms consist of pointwise
phenomena of irreversible deformation and of internal bonds rup-
ture (microcrack), which take place among the constituent ele-
ments of adhesive material microstructure (grains of compositell rights reserved.
F. Parrinello), bfailla@diseg.wise strength reduction and mechanical properties degradation
(Carpinteri, 1986; Lemaitre and Chaboche, 1990; Bazant and Pla-
nas, 1998). When microcracks spread across the interface micro-
structure and their spatial diffusion increases, then mechanisms
of coalescence and growth of microcracks may begin. Moreover,
these mechanisms may evolve, depending on external loading con-
dition, till they produce inside the adhesive layer a discontinuity
surface (macrocrack). Macrocraks may close and produce, under
compressive loading conditions, the frictional effects related to
asperity deformation. Macrocracking phenomena are also followed
by a progressive reduction of the structural load carrying capacity
and they characterize the structural failure mechanism. For in-
stance, in composite laminates, macrocracks cause delamination
phenomena, while, in masonry walls, they cause complete inefﬁ-
ciency of mortar joints. Therefore, it is plain that irreversible
microcracking phenomena strongly affect the mechanical struc-
tural response and its numerical analysis requires an effective con-
stitutive modeling. Constitutive modeling may be formulated at
microscale level, with the drawback of a burdensome computa-
tional effort for a multiscale resolution strategy in FEM framework
(Liu et al., 2000). Otherwise, it may be formulated at mesoscale le-
vel, reproducing the average mechanical behaviour of a material
portion, known as representative volume element (RVE) (Lemaitre
and Chaboche, 1990), whose size is sufﬁciently large with respect
to the microstructure characteristic dimensions.
Generally, in continuum mechanics, constitutive modeling is
devoted to analyse microstructual material properties and to rep-
resent them at a speciﬁc mesoscale level, in order to catch and to
F. Parrinello et al. / International Journal of Solids and Structures 46 (2009) 2680–2692 2681follow the material response in a phenomenological setting. Usu-
ally, in the mechanical constitutive modeling via interface formu-
lations, microstructural adhesive material properties are lumped
on a zero thickness ‘‘Representative Surface Element” (RSE). Inter-
face constitutive relation links traction vector to the displacement
jump vector; moreover, some internal variables are involved in or-
der to describe irreversible phenomena. Then, it is possible to de-
ﬁne a large variety of mesoscale interface constitutive laws,
which model speciﬁc sets of microstructural material properties
governing the macroscopic phenomena under observation.
In literature, interface constitutive laws have been initially used
in the pioneering cohesive-zone models of Dugdale and Barenblatt
(Bazant and Planas, 1998), in order to describe the progressive sep-
aration process, driven by cohesive traction, in the fracture process
zone (FPZ). These cohesive-zone models have been deﬁned in the
framework of fracture mechanics, coupled with the damage
mechanics and with the plasticity theory. Interface constitutive
laws have also been used for modeling fracture propagation phe-
nomena in concrete structures (Hillerborg et al., 1976; Bazant
and Oh, 1983; Cedolin et al., 1987). The use of interface models
has largely characterized the analysis of composite delamination.
In this sense, Allix and Ladeveze have given basic contributions (Al-
lix and Ladeveze, 1992; Allix and Blanchard, 2006), considering
that interface constitutive laws allow to model the progressive loss
of cohesion between adjacent layers. This constitutive modeling
approach is strictly based on the damage mechanics framework,
as it can be seen in many considerable contributions on composite
delamination matters Corigliano (1993), Mi et al. (1998), Alfano
and Crisﬁeld (2001), Qiu et al. (2001), Zou et al. (2003), Point and
Sacco (1996). In the latter contributions, plastic and frictional phe-
nomena are neglected. An alternative approach for modeling the
progressive decohesion has been developed in the framework of
nonassociative softening-plasticity theory. The relevant interface
formulations are generally characterized by an initial plastic yield-
ing surface, which models sound material strength and evolves,
following a speciﬁc hardening/softening law, up to the Coulomb
yielding surface, that allows to catch the residual frictional behav-
iour of the fully cracked material. In the latter theoretical context,
in which modeling of elastic properties degradation cannot be per-
formed, interface constitutive models have been deﬁned: for con-
crete in (Carol et al., 2001) using an hyperbolic initial yield locus;
for sands and solids with internal inclusions in Mortara et al.
(2002) by means of a Coulomb surface with kinematic and isotro-
pic hardening; in Cocchetti et al. (2002) adopting a piecewise linear
yielding surface; for masonry walls in Giambanco and Mroz (2001),
Oliveira and Lourenco (2004). Modeling of cohesive damaging
behaviour with residual frictional effects has been initially pro-
posed in Tvergaard (1990) for composite laminates, with the fea-
ture that frictional behaviour is activated only when complete
decohesion is attained. For brittle materials, complete coupling of
damaging and frictional effects is developed in Gambarotta and
Lagomarsino (1997), Gambarotta (2004). In Alfano and Sacco
(2006), Alfano et al. (2006) a new combining method, based on
an original mesomechanial assumption, allows to model the tran-
sition from pure cohesive damaging behaviour to pure frictional
one.
In the present work, an interface constitutive model is devel-
oped in order to catch and follow the adhesive material transition
from the initial sound state to the ﬁnal fully cracked one, passing
through the spread crack condition, in a thermodynamically con-
sistent framework (Gurtin, 1979; Lemaitre and Chaboche, 1990).
At the initial sound condition, the adhesive material is linearly
elastic, while, in the fully cracked state, it is represented by means
of a traction-free formulation, with a frictional strength active only
under compressive loading conditions. Frictional behaviour is
modeled in the framework of nonassociative plasticity theory.The material transition phase is modeled, as proposed in (Alfano
and Sacco, 2006), on the basis of damage mechanics theory by a
particular and meaningful interpretation, at mesoscale level, of
the damage variable, which is the microcracks fraction area of
RSE. Damage assumes the role of a mesoscale parameter, able to
deﬁne the RSE mechanical transition from the sound condition to
the completely damaged one (macrocrack formation). From a con-
stitutive point of view, in the transition state, RSE constitutive laws
are given by the superposition of the linear elastic model, in its
sound fraction, and the traction-free frictional model, in its fully
cracked complementary fraction. In this sense, this work may be
considered a further contribution to the modeling of coupled adhe-
sive-frictional behaviour (Tvergaard, 1990; Gambarotta and Lago-
marsino, 1997; Gambarotta, 2004; Alfano and Sacco, 2006;
Alfano et al., 2006). The original aspect introduced in this paper
is a different use of the damage variable for the cohesive–frictional
transition, in a full thermodynamic consistency. All the above mod-
eling choices involve not only formal differences, but also signiﬁ-
cant differences in the interface material response, as actual
elastic stiffness degradation and positive dissipation in the damag-
ing phenomenon. The present formulation ﬁxes also some aspects
related to dilatancy phenomena and it would be a contribution to
clarify some recent interface models in a well established
framework.
The paper is organized in ﬁve sections; in Section 2, the
mechanical aspects, related to the fracturing process of the adhe-
sive material layer, are diffusely discussed, with speciﬁc regard
both to microscale level characterization and to mesoscale level
modeling. Section 3 is devoted to a rigorously analytical explana-
tion of the proposed interface constitutive model and, in this sense,
several monotonic and cyclic material loading conditions are ex-
posed and comparisons with existing interface models are re-
ported. In Section 4, the results of numerical applications are
compared with the experimental data of Magenes and Calvi
(1997). Finally, Section 5 is devoted to some concluding remarks.
2. Adhesive material layer: mechanical aspects of fracturing
process
In this Section, transition of the adhesive material behaviour,
from the initial sound condition to the fully cracked one, is de-
scribed at microscale level. The theoretical framework on which
the interface mesoscale modeling is based, is described in detail.
2.1. Microscale level analysis
In the initial condition, adhesive material shows a reversible
mechanical behaviour, due to the fact that microstructure internal
bonds are sound and then they are able to transmit traction in all
directions in a reversible deformation regime. The loading carrying
capacity of the adhesive material may be considered as unlimited
for compressive loads, whereas, with reference to tensile and shear
loading conditions, it is characterized by a resistance threshold.
Once the strength threshold is reached, pointwise nonlinear
phenomena start to take place in microstructure, namely: irrevers-
ible deformations and microcracking. These phenomena cause
strength reduction and mechanical properties degradation of the
adhesive material, which loses its initial reversible mechanical
behaviour and enters a transition phase, where irreversible defor-
mation mechanisms and microcracks spread in material micro-
structure. When microcrack spread nucleation involves a large
neighbouring surface of a point, voids start growing and joining to-
gether, up to the formation of macroscopic discontinuity surfaces
(macrocracks). Macrocrack surfaces are able to transmit compres-
sive traction, as effect of closing processes, and shear traction, due
to frictional effects between discontinuity internal edges, but they
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faces are also characterized by asperities, which determine several
phenomena that are coupled with frictional behaviour: asperities
reversible and irreversible deformation, asperities smoothing and
breaking. Asperities irreversible deformation may show both in
tangential direction and in normal one. The tangential deformation
mode is related to the relative sliding between macrocrack edges,
whereas the normal deformation mode reveals, under compressive
loads, as incomplete re-closing of the macrocrack edges. The last
phenomenon, known as dilatancy, is caused by mutually sliding
among the asperities and its effect gradually reduces, down to zero,
with the decrease of the asperities contact surface and with their
smoothing and breaking.
2.2. Mesoscale level constitutive modeling
The interface constitutive modeling, at mesoscale level, may be
performed by deﬁning speciﬁc external and internal state vari-
ables, which represent the material state evolution induced by
the described microstructural phenomena, as average values on
the representative surface element (RSE).
Interface constitutive models typically link the displacement
discontinuity, ideally estimated between the adhesion surfaces
of the joined bodies, to the relevant adhesion forces. This link is
strictly related to soundness condition of adhesive material;
therefore, in order to effectively represent it, the speciﬁc adhesive
material transition, from the sound condition to the fully cracked
one, has to be constitutively modeled, selecting the prevailing
microstructural behaviour aspects to be considered and the
appropriate internal state variables able to phenomenologically
describe them.
The spread microcracking phenomenon is classically modeled
in the damage mechanics framework (Lemaitre and Chaboche,
1990) considering the RSE, whose size is assumed sufﬁciently large
compared to the adhesive material inhomogeneities, and deﬁning
the RSE average damage variable x as
x ¼ DSc
DS
ð1ÞFig. 1. Mesoscale interpretat
(a)
Fig. 2. Mesoscale interpretation of internal static variables: (a)where DSc is the area of the microcracked RSE portion and DS is RSE
area, as shown in Fig. 1.
Two distinct effective traction distributions ss and sc may be,
respectively, considered at the sound portion ð1 xÞDS and at
the microcracked one xDS of the RSE (see Fig. 2), where sc play
the role of frictional traction. Analogously, two distinct traction
vectors ts and tc , acting on RSE, may be deﬁned as in the following
ts ¼ 1DS
Z
DS
ssdS ¼ ð1 xÞss ð2Þ
tc ¼ 1DS
Z
DS
scdS ¼ xsc ð3Þ
where ss and sc are average traction vectors. As long as the RSE size
is much smaller than the main interface size, the average damage x
and the average traction vectors ss and sc can be approximated to
the pointwise variables xðxÞ; tsðxÞ ¼ ð1xÞss and tcðxÞ ¼ xsc . In
the latter case, which will be followed in the formulation, neither
complex homogenization theories nor nonlocal theory are required.
The damage variable x measures the areal crack density of the
inﬁnitesimal surface element dS. Consistently with the damage
mechanics theory, variable x allows us to deﬁne, at the material
point (mesoscale level), the extent of the microcracked fraction
xdS and of the sound one ð1xÞdS, as discussed in Section 3
(see Fig. 5a and b). By means of the latter assumption, it is possible
to adopt, at the mesoscale level, a speciﬁc constitutive law for each
fraction. In this sense the proposed formulation is a two-scale
interface model.
In the following, a linear elastic law is assumed for the sound
fraction, whereas a nonassociative elastic-plastic constitutive rela-
tion, with Coulomb yield surface, is assigned to the cracked frac-
tion. As a consequence it is possible to model, over an initial
elastic behaviour ðx ¼ 0Þ, the complete transition of the adhesive
material from a purely cohesive behaviour to a residual frictional
one ðx ¼ 1Þ. The compressive behaviour, without any distinction
between the sound fraction and the damaged one, is modeled as
linearly elastic.
As a concluding remark, it may be pointed out that damage
variable is a mesoscale parameter which, besides representing aion of damage variable.
(b)
RSE statical conﬁguration; (b) pointwise homogenization.
Fig. 4. Interface statics.
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sive transition of the adhesive constitutive model from the initial
elastic-cohesive behaviour to the ﬁnal elastic-frictional one.
3. Constitutive model
In this section, a rigorously analytical explanation of the pro-
posed interface constitutive model, deﬁned in a thermodynami-
cally consistent framework, is reported.
The constitutive model is developed in two-dimensional space,
with reference to a zero thickness linear interface, whose kinemat-
ical behaviour is represented by the displacement discontinuity
across its internal edges. The displacement discontinuity is an
interface deformation measure and it may be decomposed in two
components: the normal one (Mode I) and the tangential one
(Mode II), with reference to the adhesive layer locus. The displace-
ment jump across the interface segment is deﬁned by means of the
kinematical variable sut ¼ uþ  u, where uþand uare the dis-
placement vectors, respectively, on the positive edge and on the
negative one, as shown in Fig. 3. The positive edge is deﬁned with
respect to the orientation of the outward normal vector to the
interface. The interface equilibrium condition is represented by
the following relation stt ¼ tþ  t ¼ 0, where tþ and tare the
traction vectors, respectively, on the positive edge and on the neg-
ative one, as shown in Fig. 4; therefore, it is assumed t ¼ tþ ¼ t.
These kinematic and static variables are all deﬁned at the macro-
scale level.
Considering now the mesoscale level, speciﬁc constitutive laws
must be derived, with the relevant state variables, for the sound
fraction ð1xÞdS and for the spread cracked one xdS. In the fol-
lowing, the index s is used for the sound fraction variables and in-
dex c for the spread cracked fraction ones. The elastic deformation
of the adhesive layer, in its sound portion, is measured by the fol-
lowing vector variable
des ¼ sust dps ð4Þ
where sust is the discontinuity displacement vector and dps is the
plastic contribution, which represents irreversible deformation
phenomena. The kinematical vector variable, assumed to model
the reversible behaviour of cracked fraction, represents the asperi-
ties elastic deformation, as shown in Fig. 5c, and it is deﬁned as
dec ¼ suct dpc  ddc : ð5Þ
where suct is the discontinuity displacement vector, dpc is its plastic
component (Fig. 5d) and ddc is a detachment displacement (Fig. 5e).
The vector dpc represents the jump displacement, which is
caused by the irreversible sliding of asperities among each othersFig. 3. Interfaceand it evolves when the limit frictional strength is attained. More-
over, the frictional behaviour in the microcracked fraction is active
only for compressive normal traction and no positive normal trac-
tion can be applied, since it would produce loss of contact between
the crack edges measured by the detachment displacement ddc .
From a kinematical point of view, with reference to the fric-
tional behaviour of the microcracked fraction, the displacement
normal component (denoted by the index N) is characterized by
not positive elastic part decN and by not negative detachment com-
ponent ddcN . Moreover, due to the fact that asperities elastic defor-
mation dec and the normal component d
d
cN of the detachment
displacement can not be active (i.e. different from zero) at the
same time, the following complementarity relations hold
decN 6 0; d
d
cN P 0; d
e
cN d
d
cN ¼ 0; decT ddcN ¼ 0 ð6Þ
and in rate form
_decN d
d
cN ¼ 0; _decT ddcN ¼ 0 ð7Þ
decN
_ddcN ¼ 0; decN _ddcT ¼ 0: ð8Þ
The tangential component (denoted by the index T) ddcT of the
detachment displacement is not subjected to the kinematical con-
strain of Eq. (6); it means that in a re-closing condition between
interface edges, following a detachment path, residual tangential
component may be present ðddcT–0Þ. Eqs. (6)–(8) state a kinematical
constrain between the asperities elastic deformation dec and the
detachment displacement ddc , which is suitable to control the non-
linear behaviour of the microcracked fraction in absence of contact.
The above relations are aimed to model the non-linear problem
of plasticity-contact coupling.
In the previous equations, the state variables and the conﬁgura-
tion variables, which describe the kinematical behaviour of the
sound fraction ð1xÞdS and of the microcracked one xdS, have
been introduced. The discontinuity displacement vectors sust andkinematics.
Fig. 5. Macro/meso-scale level representation of cracking phenomenon: (a) macroscale level; (b) mesoscale level; (c) microcracked fraction elastic deformation; (d)
microcracked fraction plastic deformation; (e) interface edges detachment.
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ambit of mesoscale constitutive modeling, the deformed conﬁgura-
tions of the two fractions are not described independently from
each other, as in the composite materials, where the fractions are
matrix and ﬁbers and the mesoscale homogeneization procedure
provides for a unique pointwise variable to describe the kinematic
state. In this sense, the two scales are linked by the following inter-
nal compatibility condition.
sut ¼ sust ¼ suct: ð9Þ
The stress states of the sound portion and of the microcracked one
are, respectively, represented by means of the traction vectors ts
and tc , which are the conjugate statical variables of the kinematical
elastic strains des and d
e
c . In order to satisfy the internal equilibrium
condition, the Virtual Work Principle is applied in the following
form
tTdsut ¼ tTs dsustþ tTc dsuct; ð10Þ
where ds  t is a virtual variation; in virtue of Eq. (9), the following
equilibrium condition is obtained
t ¼ ts þ tc: ð11Þ
The constitutive model is developed in a rigorous thermodynamic
framework in the following section.
3.1. Thermodynamically consistent formulation
In order to develop a thermodynamic consistent setting, let
Helmholtz free energy density (for unit interface length) be as-
sumed in the following form
W ¼ Welðdes ; dec ; xÞ þWinðnÞ
¼ 1
2
ð1xÞdeTs Ks des þ
1
2
xdeTc Kc d
e
c þWinðnÞ ð12Þ
whereWel and Win are, respectively, the elastic part and the internal
one; Ks and Kc are diagonal matrices where K
s
i and K
c
i are the elastic
moduli, respectively, of the sound fraction and of the microcracked
one (i ¼ N normal component, i ¼ T tangential component); n is a
scalar state internal variable, which governs damage hardening-like, whose physical meaning will be explained later. The second
thermodynamic principle, in the form of Clausius–Duhem inequal-
ity, reads
D ¼ tTs _ut _WP 0; ð13Þ
where D is the rate dissipation energy density. Developing the rate
form of the Helmholtz free energy of Eqs. (12), (13) becomes
D ¼ tTs _ut @W
@x
_x @W
@des
T
_des 
@W
@dec
T
_dec 
@W
@n
_nP 0: ð14Þ
For an elastic loading step, where _x ¼ 0; _n ¼ 0; _dps ¼ 0 and _dpc ¼ 0,
the dissipation D vanishes. Considering the internal compatibility
condition (9), it is possible to deﬁne the condition
_des ¼ _dec ¼ _sut: ð15Þ
Substituting last condition in Eq. (14), the following relation holds
D ¼ t @W
@des
 @W
@dec
 T
_sut ¼ 0; ð16Þ
and, because ts and tc are the conjugated variables, respectively, of
the elastic deformations des and d
e
c , the following positions can be
assumed
ts ¼ @W
@des
¼ ð1xÞKsdes ð17Þ
tc ¼ @W
@dec
¼ xKcdec: ð18Þ
Since Eq. (16) has to be veriﬁed for any elastic loading step _sut, the
internal equilibrium condition of Eq. (11) is obtained. The overall
interface elastic traction–displacement relation is obtained by
substituting Eqs. (17) and (18) in Eq. (11)
t ¼ ð1xÞKsdes þxKcdec: ð19Þ
With reference to the traction vector of the microcracked fraction tc ,
from the kinematical constrain Eqs. (6)–(8), it results that
tcN 6 0 ð20Þ
tcT–0 only if tcN–0: ð21Þ
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state equations (17) and (18) are assumed to be also valid for inelas-
tic loading steps. In this sense, for a generic inelastic step, Eq. (14)
may be written as
D ¼ ðts þ tcÞT _sutþ Y _x tTs _des  tTc _dec  v _nP 0; ð22Þ
where
Y :¼  @W
@x
¼ 1
2
deTs Ks d
e
s 
1
2
deTc Kc d
e
c ð23Þ
is the energy release rate and
v nð Þ :¼ @W
@n
ð24Þ
is the static hardening-like variable.
After some algebra, it is obtained
D ¼ tTs _dps þ tTc ð _dpc þ _ddc Þ þ Y _x v _nP 0: ð25Þ
If the kinematic constrain introduced in Eqs. (6)–(8) is considered, it
follows that
tTc _d
d
c ¼ 0 ð26Þ
and, consequently, the dissipation becomes
D ¼ Dp þ Dd P 0;
Dp ¼ tTs _dps þ tTc _dpc Dd ¼ Y _x v _n:
ð27Þ
Dissipation positiveness is ensured by means of suitable activation
criteria, which govern the evolution of plastic and damaging
phenomena.
Damage evolution is led by the following yield function
/dðY ;vÞ ¼ Y  vðnÞ  Y0 6 0; ð28Þ
with Y0 assumed as initial yielding threshold.
The internal variable v governs the growth of the elastic domain
and, in this sense, it is called hardening-like variable. The relevant
ﬂow rules with the loading-unloading conditions read
_x ¼ @/d
@Y
_kd ¼ _kd;
_n ¼  @/d
@v
_kd ¼ _kd; ð29Þ
_kd P 0; /d _kd ¼ 0; _/d _kd ¼ 0:
It can be shown that damage dissipation results to be always posi-
tive for increasing damage
Dd ¼ Y0 _kd P 0: ð30ÞTable 1
Parameters adopted for the material interface responses.
Sound fraction Normal elastic stiffness KsN 1500 N=mm
2
Tangential elastic stiffness KsT 1500 N=mm
2
Cracked fraction Normal elastic stiffness KcN 1500N=mm
2
Tangential elastic stiffness KcT 500N=mm
2
Frictional coefﬁcient a 0.4877
Dilatancy coefﬁcient b 0.2679
Normal displacement elastic limit ue 0.002 mm
Normal displacement crack limit uf 0.2 mm
Dilatancy limit displacement d 0.05 mmRemark 1. The energy release rate Y is the driving thermodynamic
force in the damage activation process and it has to satisfy the
positiveness requirement. Considering the interface in its initial
condition (fully sound material, absence of plastic deformation)
and in a compressive stress state, with reference to Eqs. (9) and
(23), the following relation holds des ¼ dec; therefore, the positive-
ness requirement is fulﬁlled if and only if the sound elastic moduli
are greater than the frictional elastic ones. Moreover, in order to
avoid the damage activation in a pure compression stress state, the
following positions are assumed
KsN ¼ KcN
KsT > K
c
T :
ð31Þ
In what follows, in order to give a simpler view of the proposed
model, the plastic phenomena in the sound fraction are neglected
ðdps ¼ 0Þ, whereas, in microcracked fraction, plastic phenomena
evolution is governed by means of the classical Coulomb yield
function, generally used for frictional materials,/p ¼ jtcT j þ a tcN 6 0: ð32Þ
Under the hypothesis of nonassociative plasticity, by means of the
following plastic potential
Xp ¼ jtcT j þ b tcN; ð33Þ
where a is the frictional coefﬁcient and b ¼ bðdpcNÞ is the dilatancy
function. The relevant ﬂow rules and loading/unloading conditions
are
_dpcT ¼
@Xp
@tcT
_kp ¼ sgnðtcTÞ _kp;
_dpcN ¼
@Xp
@tcN
_kp ¼ b _kp; ð34Þ
_kp P 0; /p _kp ¼ 0; _/p _kp ¼ 0:
Dilatancy function is deﬁned as
b ¼ bðdpcNÞ ¼ b0Hðd dpcNÞ; ð35Þ
where b0 < a is the dilatancy parameter, HðÞ is the Heavyside
function and d is assumed as limit value of dilatancy deforma-
tion, which can be considered a parameter related to the charac-
teristic size of asperities. A possible interpretation is that, when
dilatancy dpcN reaches the limit d, asperities step over each other
and the plastic phenomenon only produces tangential sliding be-
tween crack surfaces. Plastic dissipation assumes the following
form
Dp ¼ tTc _dpc ¼ ðjtcT j þ b tcNÞ _kp > ðjtcT j þ a tcNÞ _kp ¼ 0; for _kp > 0;
ð36Þ
which shows that positiveness requirement of dissipation is satis-
ﬁed for plastic phenomena as well as for damaging phenomena.
In the present work, the damage hardening-like law is derived
assuming a linear softening in the traction-jump displacement
law and then, in the internal variable space, by the following consti-
tutive relation
vðnÞ :¼ 1
2
KsNu
2
e
uf
uf ð1 nÞ þ uen
 2
 1
" #
; ð37Þ
where ue and uf are jumps displacement limit values, respec-
tively, at the elastic threshold and at the unitary damage condi-
tion, in a pure tensile state. The hardening-like law deﬁned in
Eq. (37) produces the following simple mode I and mode II frac-
ture energy
GI ¼ GII ¼ 12K
s
N
ueuf : ð38Þ
The mode II fracture energy is related to an interface subjected only
to tangential traction, whereas, if the interface is subjected to com-
pressive traction, the frictional dissipation affects the energy re-
quired to completely separate the interface edges.
The constitutive parameters governing the proposed model are
collected in Table 1.
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In this section the numerical simulations of some different load-
ing paths, which are typically used to validate the interface consti-
tutive model efﬁciency, are proposed. At this stage, the performed
numerical simulations are not devoted to ﬁt any experimental
data, but only to show, from a qualitative point of view, the main
features of the proposed constitutive model. The constitutive
parameters related to the proposed model are described and col-
lected in Table 1.
Fig. 6 shows the results of the numerical simulations of two
pure tensile tests (Mode I) performed following, respectively, a
monotonic loading path and a cyclic one. The cyclic path is charac-
terized by three loading-unloading paths, in which an increasing
opening displacement peak is attained at each cycle, up to full fail-
ure. The unloading paths reach compressive stress states. The re-
sults point out that the behaviour under tensile stress condition
is elastic-damaging, with degradation of initial elastic interface
properties and absence of any irreversible deformation phenome-
non. Moreover, once compressive stress condition is reached, dam-
aging phenomena do not affect the mechanical response.
Constitutive behaviour of the interface, subjected to a constant
normal stress and to an increasing tangential deformation, is
shown in Fig. 7a, where ﬁve curves are carried out for different val-
ues of normal traction component. The curves show an initial lin-
ear elastic behaviour up to the damage activation threshold is
reached; thereafter, the elastic properties degradation begins andFig. 6. Cyclic and monotonic tensile tests.
(a)
Fig. 7. Shear test for different normal traction values: (a) tproduces a second linear branch, in which the damaged interface
behaviour is characterized by coexistence of the cohesive phase
and of the elastic-frictional one. When the stress state of the fric-
tional phase attains the Coulomb condition, damage and plastic
deformations simultaneously develop; the interface mechanical
response follows the descending branch of the stress–strain curves
till the interface is completely damaged ðx ¼ 1Þ, whose behaviour
is purely frictional, with plastic sliding at constant stress, and is
represented by the horizontal segment. Fig. 7b plots dilatancy var-
iable vs tangential jump displacement and it shows that dilatancy
increases linearly and, once the limit value d is attained, dilatancy
phenomenon exhausts.
The response of the interface subjected to constant compressive
normal component and to cyclic tangential component, which is
applied by means of imposed displacements, is reported in
Fig. 8a. The curve traction vs jump displacement shows the devel-
opment of hysteretic cycles with progressive elastic properties
degradation and with progressive strength reduction down to the
residual frictional strength. Fig. 8b plots dilatancy variable evolu-
tion compared to imposed tangential displacement.
In Fig. 9 the interface mechanical response to a tangential cyclic
load, carried out for three different normal loads, is plotted. The
ﬁgure shows that the hysteretic cycle amplitude and the relevant
dissipated energy are proportional to the applied compressive nor-
mal load.
The last loading test is performed for the interface subjected to
two tangential loading/unloading cycles, with a constant compres-
sive stress tN ¼ 9 MPa. In order to deeply understand the consti-
tutive model behaviour, the test response is reported in terms of
both internal and external traction variables. Fig. 10a shows the
tangential stress–strain curves, respectively, for the whole inter-
face, for its sound fraction and for the microcracked one. Fig. 10b
shows, in the traction components space, the stress paths followed
by the two interface fractions. The branch test is characterized by:
initial loading step 1–3, ﬁrst unloading step 3–4, ﬁrst reloading
step 4–6, second unloading step 6–7, second reloading step 7–8.
In detail it may be observed:
– at the steps 1–3, after the initial elastic branch (1–2), damage
starts in 2 (Fig. 10a); Fig. 10b shows that, in the elastic branch
(1–2), the microcracked stress components do not exist and
then, in (2–3), they appear without plastic activation;
– unloading-reloading steps 3-4-3 (Fig. 10a) are elastic with a
reduced interface stiffness;
– at steps 3–5 damage increases and at 5 plastic deformation
starts in the microcracked fraction, whose stress state reaches
Coulomb surface /p ¼ 0 (Fig. 10b);(b)
raction–displacement curves; (b) dilatancy evolution.
(a) (b)
Fig. 8. Cyclic shear test: (a) traction–displacement curve; (b) dilatancy evolution and assigned cyclic tangential displacement evolution.
Fig. 9. Cyclic shear tests for different normal traction values.
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age and plastic phenomena;
– unloading step 6–7 shows an initial elastic branch, followed by
an elastic–plastic one;(a) (b
Fig. 10. Cyclic shear test response of interface, sound fraction and cracked fr– reloading step 7–8 shows an initial elastic branch, a subsequent
elastic–plastic one and, ﬁnally, an elastic–plastic-damaging
behaviour.
3.3. Comparison with existing models
In this section, the main features of the proposed interface con-
stitutive model as well as fundamental differences, with respect to
some of the principal models in literature, are discussed. Elastic–
plastic interface constitutive models are widely used in order to
simulate the mechanical behaviour of physical joints. The interface
constitutive model proposed by (Carol et al., 2001) results to be
very interesting and suitable for showing differences between
the proposed model and the elastic–plastic interface formulations.
The model in (Carol et al., 2001) is characterized by an initial plas-
tic hyperbolic yielding surface, with pure tensile and shear
strengths; a speciﬁc hardening law leads the transition of the
yielding surface up to the classical Coulomb surface, which simu-
lates interface pure frictional behaviour. This condition is reached
when interface is fully delaminated. It is obvious that, due to the
elastic–plastic approach, the modeling of the interface delamina-
tion mechanism is not characterized either by damaging phenom-
ena nor by detachment in opening displacement (Mode I). In fact,)
action: (a) displacement–traction curve; (b) traction components plane.
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opening process by means of plastic strain evolution without en-
ergy dissipation; therefore, the fully delaminated interface always
shows a plastic opening displacement, without any separation be-
tween interface edges. Moreover, in the re-closing step, elastic-
plastic models immediately enters the compressive phase, because
no detachment displacement characterizes the opening mecha-
nism (Fig. 11a). On the contrary, in the proposed interface model,
the post-delamination opening mechanism is governed by the
kinematical vector variable ddc , which guarantees that compressive
stress state may be present only if the contact condition between
interface edges is restored, as shown in Fig. 11b.
Elastic-damaging models are also diffusely used in literature;
among them, some approaches are devoted to reproduce interface
frictional effects, whereas others ignore this aspect. The interface
constitutive model proposed by Alfano and Sacco (2006), Alfano
et al. (2006) belongs to the ﬁrst class and it is based on the same
basic feature considered in the proposed work, which regards the
speciﬁc interpretation of the damage parameter. In fact, in both
the interface models, this interpretation consists in considering
damage parameter as a physical discriminating term, which is able
to distinguish the sound fraction, with a cohesive behaviour, from
the fully cracked one, with only a frictional strength. Moreover, the
two models present similar damaging and plasticity activation
functions. These functions are, qualitatively, represented in the
traction components plane of Fig. 12, where surface /d ¼ 0 repre-
sents the initial damage activation condition (with zero damage
variable) and surface /p ¼ 0 identiﬁes the ﬁnal plastic activation
condition, when material is fully cracked (damage parameter
reaches unit value). Nevertheless, several differences may be no-
ticed between the two models, both from a formal and a substan-
tial point of view, producing signiﬁcant different results. In the
model of Alfano and Sacco (2006), interface equilibrium condition
is governed by the following expression t ¼ ð1xÞKsutþxtc ,
where tc ¼ Kðsut upÞ is the traction vector acting on the cracked
fraction; it may be observed that elastic moduli of the two fractions
are identical. This condition is substantially different from the one(a) (
Fig. 11. Models comparison for tensile behaviour: (a) e
Fig. 12. Models comparison inproposed in this work (see Eqs. 11, 17 and 18) and dissimilar re-
sults, between the two models, may be pointed out, if the traction
path 1-2-3-4, shown in Fig. 12, is followed. It consists in a loading
tangential stress branch and in a subsequent unloading one, under
a constant compressive normal component; loading branch is ex-
tended over the damage activation condition, ensuring that dam-
aging phenomena take place and evolve, but it does not activate
frictional plastic deformations. In Alfano and Sacco (2006), loading
and unloading phases follow the same path (see Fig. 12), without
energy dissipation due to the fact that the sound-cohesive fraction
and the cracked-frictional one are characterized by the same elas-
tic tangential moduli. On the contrary, in the present model, dam-
aging effect and relevant energy dissipation are evident. A second
difference may be observed with reference to the cyclic test per-
formed in Alfano and Sacco (2006), where damage and plastic
deformations are activated at the same time. The same test, using
identical constitutive parameters, is analysed by means of the pro-
posed model and the numerical results, compared with the results
of Alfano and Sacco (2006) are shown in Fig. 13. The curve related
to the proposed model reveals effects of plasticity and of damaging,
with the relevant degradation of the elastic properties (strength,
stiffness). The curve, which reproduces the results obtained in Alf-
ano and Sacco (2006), identiﬁes a mechanical behaviour which
seems to be only affected by plastic deformations, without any
elastic stiffness degradation in loading and reloading branches
(slope variations are not observable). Therefore, in Alfano and Sac-
co (2006), damage variable is only used as sound-cracked fractions
identiﬁcation parameter and does not take into account damaging
degradation effects and the related damage dissipation.
4. Numerical simulation
The proposed interface constitutive model has been imple-
mented in the FEAP, (Zienkiewicz and Taylor, 2000), ﬁnite element
code, by developing a six nodes interface element with Gauss
numerical integration, for two-dimensional analyses. In FE frame-
work, the analysis of structural problem is performed by meansb)
lastic–plastic model. (b) elastic-damaging model.
a loading-unloading path.
Fig. 13. Models comparison in a cyclic loading path.
Table 2
Parameters adopted for masonry brick wall analyses.
Brick wall Young modulus E 2200 MPa
Poisson ratio m 0.15
Interface sound fraction Normal elastic stiffness KsN 2000N=mm
2
Tangential elastic stiffness KsT 2000N=mm
2
Cracked fraction Normal elastic stiffness KcN 2000N=mm
2
Tangential elastic stiffness KcT 20N=mm
2
Frictional coefﬁcient a 0.7
Dilatancy coefﬁcient b 0.3639
Normal displacement elastic limit ue 7:0105mm
Normal displacement crack limit uf 7:510
1mm
Dilatancy limit displacement d 0.5 mm
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time-discretization of loading path. Each loading step, of the
discretized non-linear structural problem, is solved by a Newton-
Raphson scheme, which consists in an iterative sequence of a
predictor phase and of a corrector one, up to convergence. In the
present work, the predictor phase is performed by means of a con-
tinuum tangent operator. Details of it are reported in Appendix.
The corrector phase is solved by an Euler backward difference
scheme.
In order to validate the proposed constitutive model, numerical
simulation of an experimental test, reported in Magenes and Calvi
(1997), is executed. In Magenes and Calvi (1997), the authors have
led an extensive experimental research campaign on the behaviour
of unreinforced brick masonry walls, performing several cyclic
shear tests on walls with different aspect ratio and different axial
load level. These tests have been made on two-wythes thick (Eng-
lish bond, 250 mm) walls with length of 1.0 m and height of 1.35 or
2.0 m. The walls have been subjected to constant compressive axial
loads ðp ¼ 0:6 MPa; p ¼ 1:0 MPa; p ¼ 1:2 MPaÞ and to a cyclic tan-
gential load, imposed by keeping the top and the bottom sections
parallel, under control of the displacement horizontal component
of the top section. Among several data, the experimental test, cho-
sen in order to verify the effectiveness of FEM implementation, is
the one conduced on the lowest wall ðh ¼ 1:35 mÞ subjected to
the axial load p ¼ 0:6 MPa. In fact, the failure mechanism, shown
in this test, is mainly characterized by diagonal cracking with joint
rupture and by negligible brick failure and, therefore, it appears to(a) (b)
Fig. 14. (a) Masonry brick wall arrangembe the most suitable to validate the proposed interface constitutive
model.
Fig. 14a shows the masonry wall arrangement and Fig. 14b
shows a mesh detail. The wall bricks are discretized by eight nodes
ﬁnite elements with linear elastic behaviour. The constitutive
parameters adopted for the analysis are collected in Table 2.
The cyclic load is applied in terms of imposed displacement at
the wall top section, whose horizontal degree of freedoms are re-
strained. Moreover, in order to keep horizontal the wall top sec-
tion, a multifreedom constrain condition has been applied to
relevant vertical degree of freedoms, by a master-slave approach,
and the overall constant vertical load has been applied to the mas-
ter degree of freedom.
The time history of the horizontal displacement, imposed at the
top section, is reported in Fig. 15, which shows that an increasing
sequence of repeated loading cycles is assumed.
Fig. 16 plots numerical and experimental responses to the ﬁrst
ﬁve cycles of loading path, in which the structure exhibits its max-
imum carrying capacity, in terms of horizontal displacement vs
horizontal force applied at the top section. A quite good agreement
between the numerical results and the experimental data can be
observed. In fact, the simulation is able to catch accurately the
peak load level of each load cycle and the wall stiffness reduction,
whereas it underestimates residual displacements and hysteretic
dissipation. The numerical structural response to the subsequent
load cycles exhibits a constant peak load and, as shown in
Fig. 17, it is not able to catch the progressive reduction of the load
carrying capacity observed in the experimental data. Finally, the
numerical simulation stops due to lack of convergence. In Figs.
18 and 19 tangential stress distributions are, respectively, plotted
at time t ¼ 12:0s and 25:0s, with reference to the relevant wall de-
formed conﬁgurations.ent. (b)Bricks and joints mesh detail.
Fig. 15. Imposed horizontal displacement history.
Fig. 16. Structural response to the ﬁrst ﬁve loading cycles.
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The proposed interface model appears to be able to catch, over
the initial elastic behaviour, the damaging mechanism of the ini-Fig. 17. Structural response totially sound adhesive material and the pure frictional behaviour
of the fully cracked one. The transition between the sound state
and the fully cracked one, developed in a thermodynamically con-
sistent framework, is governed by the interface damage variable,
which measures the pointwise microcracked fraction, in which
the frictional behaviour acts, and the sound fraction, where the
behaviour is still elastic.
In the present paper it has been highlighted that the elastic
stiffness parameters of cracked fraction have to be smaller than
the relevant sound fraction ones, in order to ensure a positive dis-
sipation during damaging process. The latter aspect may represent
an improvement with respect to similar existing models, based on
the same mesoscale interpretation of the damage variable as in
(Alfano and Sacco, 2006). Moreover, if the elastic parameters of
the two fractions are equal, the damage mechanism does not pro-
duce any stiffness degradation.
The proposed model is able to reproduce opening-reclosing
mechanisms of the fully cracked material, thanks to a speciﬁc kine-
matic state vector variable, which represents the pointwise detach-
ment between the cracked interface edges with zero tensile
tractions. This behaviour is not adequately caught by means of
plasticity based models, which simulate the fully cracked interface
opening by plastic deformation development and, in the re-closing
step, immediately enter the compressive phase; it means that the
opening relative displacement does not represent a physical
detachment between the cracked interface edges, but only a plastic
deformation which can not vanish.
In the proposed formulation the contact problem between the
interface edges, under compressive traction, is modeled by penalty
method, which is an approximated approach classically used in
interface modeling. As limit, this approximated approach causes
compenetration between interface edges. Furthermore, when the
limit value of dilatancy deformation is reached, a sharp behaviour
change can produce convergence troubles in the nonlinear
analysis.
The proposed modeling approach is suitable to some further
enrichment. Namely: a higher order damage hardening law; a
gradual reduction law for dilatancy phenomenon, instead of
the cut off condition of Eq. (35), in order to avoid possible lack
of convergence problems; ﬁnally, a softening law in the fric-
tional plasticity, which allows to model asperities smoothing
and breaking phenomena, in order to reproduce the carrying
capacity reduction observed at the last stage of the experimen-
tal test.the entire loading path.
 1.38E-01
 2.96E-01
 4.54E-01
 6.11E-01
 7.69E-01
 9.27E-01
-2.01E-02
 1.09E+00
 S T R E S S  4  [KN/mm^2]
Time = 12.0 sec
Fig. 18. Tangential stress distribution at time t ¼ 12:0 s.
 2.11E-01
 4.55E-01
 6.99E-01
 9.43E-01
 1.19E+00
 1.43E+00
-3.24E-02
 1.67E+00
 S T R E S S  4  [KN/mm^2]
Time = 25.0 sec
Fig. 19. Tangential stress distribution at time t ¼ 25:0 s.
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The incremental constitutive laws can be effectively written
using the continuum tangent operator, which is
Kt ¼ @t
@sut
þ @t
@x
@x
@sut
 T
þ @t
@dpc
@dpc
@sut
 T
; ð39Þ
where t is deﬁned in Eq. (19). The continuum tangent operator has
to be deﬁned with reference to four different conditions: elastic
state (/d < 0 and /p < 0), damage activation state (/d ¼ 0 and
/p < 0), plasticity activation state (/d < 0 and /p ¼ 0) and dam-
age-plasticity activation state (/d ¼ 0 and /p ¼ 0).
A.1. Elastic state
The following trivial relation holds
Ktel ¼
@t
@sut
¼ ð1xÞK
s
N þxKcNHðdecNÞ 0
0 ð1xÞKsT þxKcTHðdecNÞ
" #
:
ð40ÞA.2. Damage activation state
In increasing damage condition, the following loading relation
holds
_/d ¼ _Y  _v ¼ 0 ð41Þ
which, considering that _dps ¼ 0; _dpc ¼ 0 and considering the rate form
of Eqs. (4), (23) and (24), becomes
_/d ¼ ðKssut KcdecÞTs _ut h _n ¼ 0: ð42Þ
Where h ¼ dv=dn is a damage hardening modulus. On the basis of
Eq. (29), the damage multiplier is given
_kd ¼ _n ¼ _x ¼ 1h ðKssut Kcd
e
cÞTs _ut: ð43Þ
The traction–displacement relation of Eq. (19), in rate form,
becomes
_t ¼ ð1xÞKss _utþxKcs _ut _xðKssut KcdecÞ ð44Þ
and, in virtue of the following relation
_t ¼ @t
@sut
þ @t
@x
@x
@sut
 T" #
s _ut ð45Þ
the symmetric continuum tangent operator reads
Kt ¼ @t
@sut
þ @t
@x
@x
@sut
 T
¼ Ktel  Ktdm ð46Þ
where
Ktdm ¼
1
h
ðKssut KcdecÞðKssut KcdecÞT : ð47ÞA.3. Plasticity activation state
In increasing plastic strain condition ð _x ¼ 0Þ, the following
plastic loading relation holds
_/p ¼
@/p
@tc
 T
_tc ¼ 0 ð48Þ
where, considering Eqs. (18) and (34), it follows that
_tc ¼ xKc s _ut @Xp
@tc
_kp
 
ð49Þ
with
@Xp
@tc
¼ b
sgnðtcTÞ
 
;
@/p
@tc
¼ a
sgnðtcTÞ
 
: ð50Þ
Considering Eqs. (49), (48) becomes
_/p ¼ x
@/p
@tc
 T
Kc s _ut @Xp
@tc
_kp
 
¼ 0 ð51Þ
and the plasticity multiplier is given
_kp ¼
@/p
@tc
 T
Kcs _ut=
@/p
@tc
 T
Kc
@Xp
@tc
¼ ½aKcN; sgnðtcTÞKcT s _ut=ðKcT þ abKcNÞ: ð52Þ
Considering Eq. (45), the unsymmetric continuum tangent operator
reads
Kt ¼ @t
@sut
þ @t
@dpc
@dpc
@sut
 T
¼ ð1xÞKs þxKc xKc @Xp
@tc
_kp
¼ Ktel  Ktpl ð53Þ
where after some algebra
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x
KcT þ abKcN
bKcN
KcTsgnðtcTÞ
" #
aKcN; K
c
TsgnðtcTÞ
 
: ð54ÞA.4. Damage-plasticity activation state
In condition of increasing plastic strain and increasing damage,
the following loading relations hold
_/d ¼ _Y  h _n ¼ 0 ð55Þ
_/p ¼
@/p
@tc
 T
_tc ¼ 0 ð56Þ
where
_Y ¼ sutTKss _ut deTc Kcðs _ut _dpc Þ: ð57Þ
By means of substitution of Eqs. (57) and (34) in Eqs. (55) and (56),
plastic multiplier of Eq. (52) is obtained, whereas the damage mul-
tiplier is
_kd ¼ _x ¼ _n ¼ 1h sut
TKss _ut deTc Kc s _ut
@Xp
@tc
_kp
  
ð58Þ
which gives
_x ¼ ðsutTKs  deTc KcÞs _utþ
1
hðKcT þ abKcNÞ
deTc Kc
@Xp
@tc
 aKcN; sgnðtcTÞKcT
 
s _ut:
ð59Þ
The traction–displacement relation, in rate form, is
_t ¼ ð1xÞKss _utþxKc s _ut @Xp
@tc
_kp
 
 _xðKssut KcdecÞ ð60Þ
and, after some algebra, the relevant unsymmetric continuum tan-
gent operator is
Kt ¼ Ktel  Ktpl  Ktdm  Ktdp ð61Þ
where
Ktdp ¼
1
hðKcT þ abKcNÞ
ðKssut KcdecÞðKcdecÞT
@Xp
@tc
aKcN; sgnðtcTÞKcT
 
:
ð62Þ
In active plasticity condition, the symmetry requirement of contin-
uum tangent operator is recovered assuming b ¼ a.
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